Abstract. If a drop of fluid of density ρ 1 rests on the surface of a fluid of density ρ 2 below a fluid of density ρ 0 , ρ 0 < ρ 1 < ρ 2 , the surface of the drop is made up of a sessile drop and an inverted sessile drop which match an external capillary surface. Solutions of this problem are constructed by matching solutions of the axisymmetric capillary surface equation. For general values of the surface tensions at the common boundaries of the three fluids the surfaces need not be graphs and the profiles of these axisymmetric surfaces are parametrized by their tangent angles. The solutions are obtained by finding the value of the tangent angle for which the three surfaces match. In addition the asymptotic form of the solution is found for small drops.
Introduction
If a drop of fluid rests on the boundary between two other fluids, e.g. oil on a water surface below air, one can ask what the equilibrium shape of the drop is. This is a problem of intrinsic interest, and it has been studied experimentally and approximately, but a careful mathematical analysis has not been done. In this work we make a beginning on doing this.
Since capillary forces must be taken into account it is natural to formulate this question in terms of a variational problem for the interfacial surfaces as has been done for other capillary problems [1] . When this is done an energy functional is obtained for the surfaces of the top and bottom of the drop and the remaining surface of the lower fluid. In the second section of this paper a careful derivation is given of the equilibrium conditions for an extremal of this energy. This equilibrium condition consists of a system of three differential equations together with joining conditions where the solutions of these equations intersect, that is where the surfaces meet. In the rest of the paper we study axisymmetric solutions, and the resulting problem may be thought of as a free boundary problem for a system of capillary surfaces. The top of the drop is a portion of a sessile drop, the bottom is a capillary surface or an extension that may bend over, and the lower fluid surface is an exterior capillary surface or its extension to an unbounded liquid bridge. In analyzing this differential equation problem we have made essential use of the work of Finn ([1] , chapters 2,3) and Siegel [10] on capillary surfaces and Vogel [13] on unbounded, axisymmetric liquid bridges. A notable feature of our results is that none of the three surfaces are requiredà priori to be a graph. The remainder of the paper is organized as follows. In section 3 we give some preliminary results on symmetric interior and exterior capillary surfaces. These were first studied by Johnson and Perko [5] . From results of Finn [1] we deduce the existence and uniqueness of an interior capillary surface which has a given inclination angle at a given radius (Theorem 3.1). Extending the work of Vogel [13] we obtain the existence and uniqueness of an exterior capillary surface which has a given inclination angle at a given radius (Theorem 3.2). The uniqueness part of Theorem 3.2 requires a volume comparison argument. In Section 4 we prove the existence of a drop of a given radius by a continuity method (Theorem 4.1). When 0 ≤ γ 02 ≤ π/2, γ 02 the contact angle between the top and bottom surfaces, we show that the drop of a given radius is unique and that for every prescribed volume there is a drop with that volume (Theorem 4.2). The uniqueness comes from monotonicity properties of nonparametric interior and exterior capillary surfaces due to Finn and to Siegel, see [1] and [10] . The existence and uniqueness of a drop of a given radius in this case was initially presented by S. T. Gibbs [2] . Then we give an asymptotic result for small drops. The inclination angle of the bottom surface tends to a specific limit as the radius tends to 0. In Section 5 we consider the floating "bubble" in which the densities of the top fluid and the drop are the same, the top is a section of a sphere and the top and bottom are tangent to each other. We prove that there is a unique bubble of given radius and that for every prescribed volume there is a bubble with that volume (Theorem 5.3 and Corollary 5.1). The inclination angle of the bottom surface tends to π as the radius tends to 0 (Theorem 5.2). Open questions are stated in Section 6.
A variational problem
A variational formulation for the equilibrium configuration of three immiscible fluids in a closed container acted upon by a conservative force field was first given by L. A. Slobozhanin [11] . We will give a version of his argument using perturbations that are graphs and where the joining condition on the contact curve is derived variationally.
Consider three immiscible fluids in a vertical cylindrical container with gravity acting downwards. The fluids, labeled with subscripts 0,1,2, occupy regions 
The three interfaces between fluids S 01 , S 12 , S 02 will have heights u, v, w, respectively, and are not assumed to be graphs. We suppose that a drop of fluid 1 is formed between fluids 0 and 2, above and below the drop, that all three surfaces meet along a curve Γ and that the interface S 02 extends from Γ to the vertical wall of the cylinder. See Fig. 1 . The mean curvatures of the three interfaces will be denoted by H u , H v , H w , with respect to an upward pointing normal, as indicated in Fig. 1 . The prescribed surface tensions for the interfaces S 01 , S 12 , S 02 are σ 01 , σ 12 , σ 02 and the surface tension between fluid 0 (2) and the cylinder is σ 03 (σ 23 ). Let |S ij | be the area of S ij for j < 3 and let it be the area between fluid i and the container when i = 0, 2 and j = 3. The potential energy is then
Ωi zdV is the gravitational potential energy of the fluid i, where z is a vertical coordinate and g is the acceleration due to gravity. The two fluid case is treated in the monograph of R. Finn [1] . Let x, y be coordinates in the horizontal plane. We derive conditions for an equilibrium configuration by requiring that the energy E be stationary under perturbations which do not change any of the prescribed volumes. The argument proceeds in four steps.
Step 1. Near an interior point p on S 01 introduce local coordinatesx,ȳ,z where thexȳ-plane is tangent to S 01 at p andz is in the upward direction. See Fig. 2 .
Near p, S 01 is a graph,z =ū(x,ȳ) for (x,ȳ) ∈ B, B a ball centered at p. The vertical height is denoted u, so that u = u(x,ȳ). Consider a perturbation 
where
This condition holds on all of S 01 with the same constant λ 1 since we assume that S 01 is connected. Similarly,
where λ 2 , λ 3 are constants.
Step 2. Let p ∈ Γ, where Γ is the contact curve where the three interfaces meet. Choose a local coordinate system so that near p each surface is a graph:
where B = B 1 ∪ B 2 , B is a ball about p. Let Γ be the projection of Γ in thē xȳ-plane and let ν be the unit normal on Γ pointing out of B 1 . See Fig. 3 . The argument that we will present is similar if instead ofz =v(x,ȳ) in B 1 we havē z =v(x,ȳ) in B 2 . Now consider a perturbation η ∈ C 2 0 (B) with B1 ηdA = 0, 
The vectors n u , n v , n w , ν are coplanar since they are all orthogonal to Γ at p. If we rotate our local coordinate system slightly around the tangent direction to Γ at p we obtain the same condition with a ν * close to ν but not a multiple of ν. This implies σ 01 n u + σ 12 n v − σ 02 n w = 0 at p and so this condition holds on Γ.
An alternative form of this condition is σ 01 e u + σ 12 e v − σ 02 e w = 0 on Γ where e u is a unit vector on Γ, orthogonal to Γ, tangent to S 01 and in the direction of S 01 ; e v and e w are defined similarly. See Fig. 4 .
The alternate form follows since e u , e v , and e w are obtained by rotating n u , n v , and − n w counterclockwise about Γ. This known condition is interpreted as force balance along Γ, see [6] for example. Expressed in terms of contact angles this becomes sin γ 01
where the contact angles along Γ are indicated in Fig. 5 . γ 02 is the contact angle between S 01 and S 02 , etc.
Step 3. Next perturb all the surfaces simultaneously with
Step 4. Finally, the surface S 02 meets the wall of the cylinder along the curve Γ 0 . Let p ∈ Γ 0 . Near p, z = w(x, y) for (x, y) ∈ B 1 where B 1 is a portion of a is completely standard, see [1] .
Next consider a finite drop between infinite media. This may be considered a limiting case of the finite container. Suppose w → 0 as r → ∞ (r = x 2 + y 2 ). Then we must have
Define the operator M to be twice the mean curvature operator so that Mu = 2H u . We have
u, v, w meet at Γ and satisfy the force balance condition.
In the rest of this paper we will consider axisymmetric solutions to (2)-(3). In this case the contact curve Γ will be a circle of radiusr, which we call the radius of the drop. We do not assume that the surfaces are graphs. The assumption on the densities implies that κ 01 , κ 12 , κ 02 > 0 so that u and v are symmetric interior capillary surfaces and w is a symmetric exterior capillary surface. Letψ denote the inclination angle of v atr.
Hartland and Hartley [3] have calculated drops in the special case ρ 1 = ρ 2 , σ 01 + σ 02 = σ 12 or σ 01 = σ 02 = σ 12 /2. The second case is transformable to the floating bubble case considered in section 5 [(−u, −v, −w) satisfies the floating bubble equations]. Floating drops are studied experimentally in the papers of Princen [7, 8, 9 ].
Preliminaries
We need two results on existence and uniqueness of capillary surfaces. They may also be interpreted in terms of sessile drops and liquid bridges. Consider first an axisymmetric capillary surface with center height u 0 . Following Finn [1] we can represent this surface using the tangent angle ψ as a parameter, and the surface is given by solving the differential equations
with r(0) = 0, u(0) = u 0 . The surface can only be thought of as a graph u = u(r) for ψ ∈ [0, π/2], but it is essential for us to use this representation for
If the surface is turned over it represents the profile of a sessile drop and this parameterization was used [1, chapter 3] to prove the existence of a unique sessile drop for every prescribed contact angle and volume.
there is a unique solution of (4) such that r(ψ) =r.
Proof. Since solutions of (4) The theorem follows from the monotonicity of r with respect to u 0 .
We may interpret this theorem as saying there is a unique sessile drop with a given diameter and contact angle.
For the exterior surfaces there is an analogous representation [13] 
where φ is the tangent angle, taken as acute on the "top" of the curve. Johnson and Perko [5] have shown that for each σ > 0 there is a unique solution with vertical tangent at σ, r → ∞, u → 0 as φ → π, with u = u(r). The above representation allows us to conveniently extend this curve to [0, π). We denote by T (σ) the height at σ, i.e. T (σ) = u(π/2). The parameter σ plays a role for exterior surfaces analogous to that u 0 plays for interior ones. It has been shown by Siegel [10] that T (σ) is strictly increasing in σ, Vogel [13] has shown that r(0; σ) → 0 as σ → 0, and Turkington [12] has shown that T (σ) ∼ σ ln(1/σ) as σ → 0. Our next result says that there is a unique unbounded symmetric liquid bridge wetting a disk of given diameter with given contact angle [13] . Forφ ∈ [π/2, π] this was proven in [10] . Forφ ∈ [0, π/2) we need only observe σ ≤ r(φ; σ) ≤ r(0; σ) and use continuity of solutions of (5) with respect to initial conditions to deduce existence. The proof of uniqueness is considerably more involved. We need the following lemmas due to Vogel [13] . In order to conform to his notation and to simplify formulas we change the scale so that we may take κ = 1 in this proof. 
Lemma 3.3. No two distinct profile curves can cross twice.
Proof (of uniqueness). We need to show that if Γ 1 and Γ 2 are two profile curves as above with r(
Suppose that there are two such curves. Let σ 1 , σ 2 be the radii at which they are vertical. We may assume that u(φ 0 ) 1 > u(φ 0 ) 2 . Suppose that φ 0 is the largest value of φ such that r(φ) 1 = r(φ) 2 = ρ 0 . (These are the leftmost such points. i.e. ρ 0 is the smallest radius.) Let A 1 , B 1 , A 2 , B 2 be the volumes in Lemma 3.1 for these two curves.
We consider the intersection points of these curves with r = ρ 0 . Denote by
Since Γ 1 and Γ 2 cannot cross more than once they cannot cross at all, so that Γ 1 lies entirely outside the region bounded by Γ 2 and r = ρ 0 . It follows that σ 1 < σ 2 and T (σ 1 ) < T (σ 2 ), which implies there is a φ ∈ (φ 0 , π/2) where u(φ) 1 = u(φ) 2 contradicting Lemma 3.2, and Case 1 cannot happen.
Case 2. α L > β L . As above T (σ 1 ) ≤ T (σ 2 ) implies a contradiction to Lemma 3.2, so T (σ 1 ) > T(σ 2 ) and σ 1 > σ 2 . We will show that the result of Lemma 3.1 is contradicted. We begin by showing that |B 1 | > |B 2 |. First consider what happens when α L < β U . Then Γ 1 and Γ 2 must cross somewhere above α L . Thus they cannot cross again below α L and since α L > β L this implies that the lower portion of Γ 1 for r > ρ 0 lies completely above the corresponding portion of Γ 2 . Thus it follows that |B 1 | > |B 2 |. Now suppose α L > β U . Then the part of Γ 1 for r < ρ 0 lies entirely above the corresponding part of Γ 2 . Thus at u = β U Γ 1 has inclination angle greater than π/2 while Γ 2 has inclination angle less than π/2. Also, at r = ρ 0 the lower part of Γ 1 is above the lower part of Γ 2 . We wish to show that Γ 1 remains above Γ 2 for all r > ρ 0 . If this were not the case, the two curves would have to cross somewhere below u = β U . At the point of crossing, the inclination angle of Γ 1 would have to be less than that of Γ 2 . Since at u = β U this inequality was reversed, there must be a value of u between β U and the value of u at the point of crossing at which both curves have the same inclination angle. But by Siegel's uniqueness theorem [10] , this would imply that Γ 1 and Γ 2 are identical. Hence they cannot cross, and the lower part of Γ 1 lies above the lower part of Γ 2 for all r > ρ 0 . Thus |B 1 | > |B 2 |. Now we wish to show that |A 1 | < |A 2 |. Let Γ 1 be the rigid translation of Γ 1 downward by α U − β U . Then we wish to show that Γ 1 for r ≤ ρ 0 is contained in the region bounded by Γ 2 and r = ρ 0 . We see that Γ 1 and Γ 2 are tangent at β U . Locally they are both functions u(r) so we consider the second derivative. We compute (using the above differential equations):
Since φ and r are equal for both curves but u is greater for Γ 1 (the differential equation used in evaluating derivatives for Γ 1 uses u values on Γ 1 ), it follows that on Γ 1 we have a smaller (negative) value for d 2 u/dr 2 , and, hence, for r slightly smaller than ρ 0 , Γ 1 lies below Γ 2 and has a greater inclination angle.
So we know Γ 1 starts "inside" Γ 2 , and now we must ask if it can ever leave. Suppose Γ 1 leaves on the upper portion of Γ 2 . Then at the point of leaving Γ 1 has a smaller inclination angle than Γ 2 and thus for some r between ρ 0 and the radius at the point of leaving, Γ 1 and Γ 2 have the same inclination angle. Thus Γ 1 and Γ 2 have the same inclination angle at that radius. But since this radius is smaller than ρ 0 , this contradicts our choice of ρ 0 as the smallest radius at which the two curves have the same inclination angle. Thus Γ 1 cannot leave across the upper portion of Γ 2 .
Now it remains to consider whether Γ 1 can leave across the lower portion of Γ 2 for r ≤ ρ 0 . If it did, then it could not return since if it did we would again have a radius smaller than ρ 0 at which the curves have equal inclination angles as in the previous paragraph. So a necessary condition for
At φ 0 , we see that ρ0 sin φ0 ρ0u2+sin φ0 , the integrand corresponding to Γ 2 , is greater than ρ0 sin φ0 ρ0u1+sin φ0 , the integrand corresponding to Γ 1 . We claim that this inequality holds through the interval of integration. If it did not there would be some φ at which r1 sin φ r1u1+sin φ = r2 sin φ r2u2+sin φ which is equivalent to (u 2 − u 1 )r 1 r 2 = (r 2 − r 1 ) sin φ. But the left side of this last equation is negative throughout the interval while the right side is positive. Thus the integrands can never be equal and the previous inequality holds throughout the interval. This shows that β U −T (σ 2 ) > α U −T (σ 1 ).
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Now we compute
where θ 1 and θ 2 are the inclination angles at which the lower portions of Γ 1 and Γ 2 respectively intersect r = ρ 0 . Since σ 1 > σ 2 it follows that the inclination angle of Γ 1 at σ 1 , π/2, is less than the corresponding angle for Γ 2 . Since ρ 0 is the smallest radius at which the two can have the same inclination angle, this is true for all r < ρ 0 and hence θ 2 ≥ θ 1 . Further, the same argument as in the previous set of integrals shows that the integrand corresponding to Γ 2 is again greater that that corresponding to Γ 1 . Since both integrands are positive and the interval of integration corresponding to Γ 2 contains the interval corresponding to
As mentioned, this proves that Γ 1 cannot "escape" through the lower portion of Γ 2 and thus cannot escape at all. Since Γ 1 for r < ρ 0 is contained in the region bounded by Γ 2 and r = ρ 0 , it follows that the volume obtained by rotating that portion of Γ 2 is greater than the corresponding volume obtained from Γ 1 . But Γ 1 gives the same volume as Γ 1 since they merely differ by a u translation. Thus we have shown that
The above results yield the inequality
Thus we have our contradiction, and then the theorem is proven.
For the solutions guaranteed by Theorem 3.1 we will now write u = u(ψ,ψ,r, κ), r = r(ψ,ψ,r, κ). These were defined by the equationr = r(ψ,ψ,r, κ). Similarly for those guaranteed by Theorem 3.2 we will write u = u e (φ,φ,r, κ), r = r e (φ,φ,r, κ). By definitionr = r e (φ,φ,r, κ).
Existence of a floating drop
We consider a finite volume of fluid of density ρ 1 resting on an infinite reservoir of a fluid of density ρ 2 below another infinite reservoir of a fluid of density ρ 0 . We will assume that ρ 0 < ρ 1 < ρ 2 .
We will take as given the surface tensions σ 01 , σ 02 , σ 12 at a contact line between the three fluids, the subscripts indicate that the force acts along the interface between the indicated fluids. The corresponding capillary constants are defined 
As we have seen minimization of energy implies that the three surfaces satisfy the equations
where λ is a constant which must be determined as a part of the solution of the problem. By force balance (cf. Section 2) 0 ≤ γ 01 , γ 02 , γ 12 ≤ π, and We note that σ 01 κ 01 + σ 12 κ 12 = σ 02 κ 02 . We will fix the radiusr at which the three surfaces meet, and letψ be the angle that the tangent to v atr makes with the horizontal. We must have 0 <ψ < γ 02 . If this were not the case then the drop would be "tipped" up too far and the surface u would be inclined instead of beginning at a zero slope and decreasing. In fact ifψ = γ 02 , then the fact that the supplement of the sum of γ 02 and the complement ofψ is equal to π/2 − γ 02 +ψ implies this angle is π/2. Stated differently, the slope atr is zero, and thus the surface u is flat, and any larger angleψ should be excluded from our consideration. This also gives us our first relation between the different boundary conditions. If we havē ψ for the surface v, then for the surface u γ 02 −ψ is the angle downward from horizontal. There are several possibilities for the outer surface: w slopes down to the intersection point, w slopes up to the intersection point, and one case of each where w is curled over. The last two cases may seem physically unlikely, but are included for completeness.
There are further geometric constraints. They do not play an explicit role in what follows, but they are included for completeness. We have two cases for 0 ≤ γ 02 < π/2: if γ 02 ≤ γ 12 then w slopes down, and if not then w slopes up. However if we consider γ 02 > π/2, the situation is more complicated. We break this into two cases. Ifψ ≤ π/2, the interface is below the middle of the drop, and ifψ > π/2 the interface is above the middle of the drop. There are three configurations contained in each case. If we put this back into the equations that defined U and V we get for the common height of u and v atr
We can also write for the height ofw atr, w = u e (γ 01 +ψ, γ 02 +ψ,r, κ 02 ) sincē φ = γ 01 +ψ. The surfaces U and V are capillary surfaces or inverted sessile drops as described in Theorem 3.1. V makes the angleψ atr, and U makes the angle γ 02 −ψ.
We write the difference of u and w atr as
and varyψ. By looking at limiting cases we see that
(we have used here that fact that w is zero at infinity.)
We have proven Proof. First we observe that the results of Siegel [10] and the argument at the beginning of the proof of Theorem 5.3 show that ∂F/∂ψ > 0. Then there is a uniqueψ(r) satisfying F (ψ) = 0 for eachr > 0, andψ(r) depends continuously onr.
The volume can be written as the sum of volumes of two sessile drops ([1, page 40] for the volume of a sessile drop), We can estimate V from below by considering two cases,ψ ≥ γ 02 /2,ψ < γ 02 /2. In the first case
where the second inequality follows from [10, Theorem 7] . In the second case
Combining these
A partial analogue of Theorem 4.1 can be given for a finite circular cylindrical container with an axisymmetric drop lying on the symmetry axis. The role of w is taken over by a surface over an annular domain. We consider here only the case in which the annular surface is a graph. The only property of w which was used in showing that F (ψ) changes sign is that w (r) ≤ 0 implies that w(r) ≥ 0 and w (r) ≥ 0 implies that w(r) ≤ 0. Assuming that the contact angle at the container boundary is in [0, π/2], this follows from the basic comparison theorem for capillary surfaces, [1, Theorem 5.1], if w is compared with zero. The general case requires detailed properties of capillary surfaces over annular domains which will not be discussed here.
We now give some asymptotic results for small drops. Using results of Turkington [12] and Vogel [13] This theorem shows that asr tends to zero, aψ such that F (ψ) = 0 tends to ψ c in case 1 and either to 0 or π in case 2.
The floating bubble
We give a separate treatment to a limiting case of the floating drop in which ρ 0 = ρ 1 , σ 12 = σ 02 := σ and σ 01 = 2σ. We may imagine a bubble of the top fluid, e.g. air, which is bounded on top by a thin film of the bottom fluid. The contact angles are γ 02 = π, γ 01 = 0, γ 12 = π. The differential equations become 
